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SURFACE CATALYSIS IN DISSOCIATED, 

CHEMICALLY FROZEN AIR BOUNDARY LAYERS 

WITH VARIABLE TRANSPORT PROPERTIES 

A. A. HAYDAY? and R. A. MCGRAW: 

(Received 3 February 1968 and in revisedform 26 November 1968) 

Abstract-This work is concerned with the effects of surface catalysis and variable transport properties 
on the structure of chemically frozen, dissociated air boundary layers enveloping flat plates and slender 
wedges. Our main interest is in nonsimilar hypersonic flows past catalytic segments placed aft of leading 
edges or stagnation points coated with noncatalytic materials. The problems are solved numerically; the 
method of solution is shown to be reliable and applicable in general to the solution of nonsimilar boundary- 
layer equations. Local convective heat transfer and heat release due to catalysis of atoms are computed 
separately. These results show that variable transport properties and non-similarity of the flow field have 
a significant influence on the heat flux due to catalysis and suggest possible serious errors in available 

diagnostic formulas for catalytic gauges. 

NOMENCLATURE 

frozen specific heat of the mix- 
ture at constant pressure, 

2 

Cp = 1 wi cp,; 
i= 1 

specific heat at constant volume; 
binary, atom-molecule, diffusion 
coeffkient, D E Dij; 
dimensionless velocity functions ; 
enthalpy, 

h = i wihi ; 

i= 1 

H, w, dimensionless total frozen en- 
thalpies of the mixture, 

H = (4 u2 + h,)(+ U,z + hf.)-’ 

= h,,lh,,e ; 
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K, 
1, 

Le, 

k WV 

P9 
pr, 

qo qdr 

41, 

4e*-sim 

%sim, E.C.P.9 

ksim. V.P.9 

a constant; 
dimensionless product of mix- 
ture density and viscosity, 
W/P&e ; 
Lewis number, 

LeJ$5J; 

specific surface reaction rate; 
static pressure; 
Prandtl number of the mixture, 

p,+; 

convective heat transfer and heat 
flux due to catalysis, equations 
(11) and (12); 
total heat transfer, qe + qd; 

convective heat transfer for simi- 
lar flows based on Lees’ formula 
with 1 - K = lW,ro.2 ; 
convective heat transfer for simi- 
lar flows computed, respectively, 
with equivalent constant proper- 
ties and variable properties ; 
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SC, 

7: 
4 u,, 

V, 

W, 

w 
X, 

YY 
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Schmidt number, 

SC =$; 

temperature, [OR] ; 
velocity components along the 
surface ; 
velocity component normal to 
the surface ; 
atom concentration ; 
atom concentration ratio, w/w, ; 
coordinate parallel to the surface ; 
coordinate normal to the surface. 

Greek symbols 
Damkohler number, 

Damkohler number for E.C.P. 
problems, 
r = K*Q,, K = I,,,‘.‘; 
coordinate normal to surface ; 
coordinate normal to surface 
(E.C.P.) problems), 

q = K-+q,K = 1 O.2. 

thermal conductivity ifihe’mix- 
ture ; 
dynamic viscosity of the mixture ; 
coordinate parallel to the surface ; 
density of the mixture ; 

stream function. 

atom ; 
average ; 
“edge” of boundary layer ; 
frozen ; 
ith component; 
molecule ; 

t These may appear staggered, for example: h,,.. stands 
for “total frozen enthalpy at the edge of the boundary 
layer. ” 

0, 

I, 
t, 
tL 
W, 
w, I, 

refers to 5, = 1; 
reference condition ; 
total ; 
total frozen ; 
wall ; 
fixed ( reference condition at the 
wall. 

1. INTRODUCTION 

Low SPEED boundary-layer flows with chemical 
reactions confined to a bounding surface were 
discussed by ChambrC [l] and ChambrC and 
Acrivos [Z, 31. Shortly thereafter, many aero- 
dynamicists considered analogous problems for 
hypersonic flows, particular emphasis being 
placed on dissociated boundary layers with 
catalytic surface recombinations of the atomic 
species. These efforts were directed towards 
reducing heat transfer to vehicles exposed to a 
high-altitude hypersonic environment and to- 
wards utilizing catalysis for diagnostics of high- 
temperature experimental facilities. The first 
utilization is possible because at high altitudes 
chemical reactions in a hypersonic boundary 
layer comprised of products of shock-dissociated 
air are often strongly inhibited ; hence, local heat 
transfer may be significantly reduced by pre- 
venting surface recombinations of the atomic 
species [4-171. Alternately, the theory of a 
frozen, dissociated, hypersonic boundary layer 
over a catalytic surface provides a basis for 
deducing the degree of free stream dissociation 
from relatively simple heat-transfer measure- 
ments [l&25]. 

Now, most of the quoted theoretical works 
are based on the assumption of continuously 
distributed surface reactions and rest on drastic- 
ally simplified representations for the transport 
properties of the gaseous mixtures. The justiti- 
cations are pragmatical. Well known simplifica- 
tions of the governing equations are thus 
achieved, the whole procedure presumably 
leaving computed values of local heat transfer 
substantially unchanged. Errors commonly 
quoted are on the order of 5-15 per cent. That 
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such claims are not necessarily valid even for 
self-similar flows is evident from the recent paper 
by Janowitz and Libby [26]. They assumed an 
artificial, continuous distribution of surface 
catalyticity, isolated the effects due to varia- 
tions in transport properties, and established 
alterations in heat transfer close to 60 per cent 
as well as significant changes in the structure of 
the boundary layer. Errors of comparable 
magnitude were also noted by Vidal and 
Golian [25]. The authors of [25] reported that 
measured heat transfer to a uniformly catalytic 
flat plate immersed in a frozen dissociated oxy- 
gen stream was about 40 per cent lower than that 
predicted by a simplified property theory of 
Inger [ 131. 

Herein we are concerned with the influence 
of transport properties on boundary layer 
development and heat transfer when the flows 
are nonsimilar. We deal with the flow con- 
figuration considered by Chung et al. [27] in 
order to re-examine the theoretical basis for the 
attractive catalytic gauge systems they mention. 
The problems are attacked numerica1ly.t In a 
broader sense, our purpose is to further develop 
and test a numerical method that is applicable, 
in general, to the solution of nonsimilar 
boundary-layer flows. In this respect, our aims 
resemble those of Smith and his co-workers 
[29,30]. 

2. ANALYSIS 

(1) Boundary value problems 
We consider the flow of dissociated air in a 

hypersonic laminar boundary layer on either a 
flat plate or a wedge. To avoid excessive com- 
plications, we think of air as a binary mixture 
of atoms and molecules. The transport proper- 
ties of the mixture are specified functions of 
local atom concentration and temperature. The 
boundary layer is chemically frozen ; and the 

t In contrast to Libby and Liu [14], Fox and Libby [Ml, 
Hayday et al. [16], [28] and Li and Kirk [lfl who aim to 
develop methods yielding approximate solutions to all 
practical purposes in closed form. 

ambient conditions-constant speed U,, con- 
stant temperature T, and constant atom con- 
centration we-are given. A section of the sur- 
face of the plate or the wedge acts as a catalyst 
promoting the recombination of atoms diffusing 
from the outer regions of the boundary layer 
inward. In all cases, the heterogeneous surface 
reaction is of first order and takes place aft of a 
given streamwise location x@ The surface is 
non-catalytic from the leading edge up to x@ 

The well known boundary layer equations 
appropriate to our problems (see, for example, 
[16] pp. 965-966) may be reduced to the 
following system : 

Momentum : 

Energy : 

+ !fS 
2 alt 

+L l l_~ wfa2f K ) 
+~-L~_;~:~gi, 

i= 1 

4 af aH af afz 
= all at 1 xaq . (2) 

Diffusion : 

Equations (l)-(3) reflect changing the standard 
independent variables (x, y) to (r, q) where 

x and ~(x, y) = 
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The dependent variables w H are normalized 
with respect to free stream quantities, 

and f is related to the stream function Y by 
f = Y(y(p,~J,x)- *. All symbols are listed in the 
Nomenclature. 

The boundary conditions are as follows : 

H(5, 0) = H,, lim H(5, v]) = 1; 
B, i cc 

(4b) 

W&O) = W,(t) = 1 for 5 < 5,, 

lim W(&q) = 1. J (4c) 
9-m 

The statement (4a) is self-explanatory. In (4b), 
H, is taken as constant implying, under some 
mild restrictive assumptions, constant surface 
temperature (see [16] footnote, p. 966). The first 
condition in (4~) states that no catalysis takes 
place for r < g,. A glance at equation (3) suffices 
to show that not only is the initial distribution 
W(O,q) = 1 automatically required but that 
W(<, q) = 1 for all 5 < &. Aft of &,, catalytic 
recombination of atoms proceeds at a rate k, ; 

it is tacitly assumed that the reaction is of first 
order as reflected in the balance at the surface 
between the diffusive flux of atoms and their 
recombination (see [ 161 and [31], p. 143). 

We note in passing that, in the sense of Lees’ 
cold wall approximation, (lH3) cover flows 
with pressure gradients and, with a slight change 
in 9, apply formally to flows past bodies of 
revolution. The nonsimilarity of the flow field, 
reflected explicitly in the right-hand sides of 
(lH3), is caused principally by the boundary 
conditions on the diffusion equation and (one 
expects) to a lesser degree by the mutual inter- 
dependence of the equations through the trans- 
port properties of the mixture. For example, if 

1 = const. and Pr = Ie, = 1 equations (1) and 
(2) admit similarity solutions not dependent 
on the diffusion equation. Approximations of 
this sort were used in [16], [27] and elsewhere 
[31]. One aim of this paper is to present sample 
solutions testing the validity of the approxima- 
tions just mentioned. For this reason and to 
provide one of several checks of the accuracy of 
our numerical results, we not only solve (lb 
(4) but also a related system with simplified 
transport properties described in the next 
paragraph. 

Boundary value problems based on what we 
shall call “equivalent constant properties” 
(E.C.P.)? are constructed as follows: let I = K 
where K is a specified constant; let the specific 
heats of the components, cpi, be equal and con- 
stant and let SC, Pr, Lq be constants on the 
order of one. As mentioned earlier, equations for 
fand H are then uncoupled from the W equation 
and, because of the boundary conditions (4a) 
and (4b), admit similarity solutions. It is natural 
to introduce now a new independent variable 
ij = K - tq and new dependent variables J w 
and H, the first being defined by J = K -*f and 
the latter two following from w(& q) = W[ij(n); 
51, R(fj) = H [q(f)]. Equations corresponding to 
(8HlO) are 

azw 1 - 

-q- (7) 

subject to 

&p(O) =_m = 0, lim df = 1; (8a) 
~-+co dii 

t Henceforth, E.C.P. is used consistently. Moreover, V.P. 
refers in the grammatically appropriate sense to variable 
properties. 
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R(O) = R,,, = const. lim R(f) = 1; (8b) 
9+ao 

W(LO) = W,(g) = 1 for 5 < co, 

dW(&O) = ew(l,O) for l > &; 
aii 

lim W (r, f) = 1. (8~) 
17-00 

Problems posed by equations (5)-(8c) are con- 
sidered “equivalent” to equations (1)-(4c), once 
a proper choice of K and the Damkohler 
number ris made. The choice of the latter is by 
no means trivial. The difficulty is this. In the 
V.P. problems, the Damkohler number 

(see equation 4c) varies not only as r* but also 
in a complicated manner because of the factor 
(SC p k )/I,; www clearly, the latter depends on 
transport properties. Now, while the formal 
relationship between f and c is 

< = K*c, (9) 

in any E.C.P. problem the Damkohler number 
T must be property-independent. The question 
then is: to what [ is a given % to correspond 
and vice versa? Herein this correspondence is 
arbitrarily established by taking an average of 
the factor (Sc,p, k&l, over the entire g-range 
of a given nonsimilar V.P. solution and sub- 
stituting this average into (9). This yields 
< = K*[,,,; the factor K is evaluated according 
K = 1:” where again we take an average of the 
p,,,~,,, product over the r-range. In making these 
choices, we hope to minimize the difference 
between the heat transfer computed in the two 
sets of problems. Final results show that this 
indeed happens, at least for the solutions pre- 
sented in this report. Furthermore, our 
numerical solutions of the E.C.P. diffusion 
equation are practically the same as the corres- 
ponding analytical (series) solutions of Chung 
([31-J, p. 179). 

2. Summary of properties of dissociated air and 
method of solution 

We represent dissociated air as a binary 
mixture of atoms and molecules. The molecular 
specie is considered to have twice the weight 
of the atoms, the former being assigned an 
average weight of 30 and the latter 15. In adopt- 
ing this point of view, we adhere to established 
procedure exemplified by the works of Fay and 
Kiddell [S] and Scala and Baulknight [32]. The 
properties of the individual species are based on 
the better data currently available. To conserve 
space, we merely list here the pertinent sources 
of information on transport properties. The 
formulas representing our curve fits to the vari- 
ous tabulated data, omitted herein, are given in 
[33] and [40]. 

Temperature-enthalpy relationship. This is 
given by a rational function of the form T = 

~,(h,,)/ZAh,,)~ is valid over the entire h,, T 
range, and is based on the analytical properties 
of the c,, relationship of [32]. 

Frozen specific heat of the mixture, cP. This is 
given by the standard formula of [32] in- 
corporating the value for c,, used therein. 

Mscosity of the mixture, F The mixture 
formula is based on Wilke [34]; viscosity for 
the atomic specie, p., is based on Yun and Mason 
[35] and viscosity for the molecular specie, CL,,,, 
is based on the earlier work of Amdur and 
Mason [36] ; low temperature data conform to 
NBS-tables [37]. 

Conductivity of the mixture, 1. Is calculated 
as suggested by Mason and Saxena [38] with 
1 0 N /&l; 1, - ,u, incorporates the Eucken rela- 
tion due to Hirschfelder [39]. 

Binary, atom-molecule diffusion coeficient, 
D, _,,, E D. This is presented as pD (a function 
of temperature) and is based on the data of Yun 
and Mason [35]. Graphs of the various proper- 
ties are given in [40]. 

An attempt to integrate equations that have 
the structure of equations (l))(3) goes back to 
Hartree and Womersley [41]. Their idea is to 
replace the r-derivatives by finite differences and 
then solve the resultant ordinary differential 
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equations subject to the split boundary condi- 
tions (4a)+c) as initial value problems. Specilic- 
ally, the main steps of our procedure are the 
following. The similar flow field which exists 
up to 5 = 5, is determined first by integrating 
equation (1) and equation (2) with their right- 
hand sides set equal to zero. (The solution of 
equation (3) is W = 1 for all < < I&.) This is 
tantamount to solving an initial value problem 
governed by weakly coupled equations; the 
guesses f”(O), H’(O) are systematically improved 
as in our earlier work [42] until the conditions at 
infinity are satisfied to prescribed accuracy. 
Best available property information is used at 
each stage of the iterative procedure. The method 
is carried over with suitable modifications into 
the nonsimilar regime and the same procedure 
applies to the simpler boundary value problems, 
equations (5H8c). For details, in particular our 
approach to systematic improvements of deriva- 
tives at the surface and the so-called interior 
matching technique, we refer the reader to [33], 
[40] and [43]. 

3. RESULTS 

(1) Heat transfer 
We assess the influence of variable transport 

properties and the induced nonsimilarity of the 
flow field on local heat transfer. To exhibit this 
influence clearly, the local convective heat flux, 
qe, and the diffusive heat flux, qd, are computed 
separately. The latter equals the heat released in 
the recombination reaction of atoms. 

Now, in accord with boundary layer theory, 
the total heat transferred to the wall, qt, may be 
expressed as the sum 

where 

% = % + qd (10) 

and 

2 

qd = 

c 
i= 1 

A simple computation shows that in terms 

aht,jay 

and 

2 

qd = 

c 

~9, a Wi (~9 0) hi, 

ay 
i= 1 

2 

= 

c 

~3, $ wi(X, 0) (hifw + hi’) 

i= 1 

+ !d- w(x,O) h;; 
SC, ay (12) 

hp stands for the heat of formation of the ith 
specie. 

The sum of (11) and (12) gives 

- We, - 1) (hafw - h,,w) $ +4x, 0) 
1 

+ Le, !f~ t w(x, 0) hpO. pr, ay (13) 

In equation (13), the term with the square 
brackets and the remainder still correspond to 
qc and qd providing all terms having (hafw - 
h,fw) as a factor are negligible. Now, (h,, - h,,) 
was consistently neglected both in solving the 
system (l)+k) and in calculating the transport 
properties. Consistency demands, therefore, that 
the same assumption also be introduced into the 
various heat transfer formulas. 

Consider first the influence of transport 
properties on qe as reflected in the ratios 
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9e 

qc-sim. E.C.P. 

and 

%sim, V.P. 

r~~,o~P~-1~5,0~~H(c,o~ 

= 

1(1,0)Pr-‘(1,0)~~H(1,0) 

(14) 

(15) 

(16) 

(“sim” stands for “similar”). The first of these, 
(14), gives a comparison of the nonsimilar, 
variable properties, conductive heat transfer 
qc with q&,-the heat flux at a corresponding 
<-location computed according to a modified 
Lees formula used in [27]t. The second ratio, 

t The formula applicable to flows past bodies of revolution 
as well as two-dimensional flows is 

qzalrn = 0.47 Pr,;* @&*K*U* co (h ‘1. - h,) Q(x) 

where 

and the subscripts e, co, and s refer, respectively, to the edge 
of the boundary layer, conditions upstream of the bow shock 
wave and a reference state. For flow past a flat plate, U, = 
U, pep, = (p,ji,), and E = 0. Hence A(x) = 1/,/(2x); 
q&differs from that given by Lees only by the factor ,/(K) 
which is set equal to (I,,,)‘.‘. This procedure apparently 
leads to the best agreement with variable property theories, 
PO 

(15), yields the same sort of comparison with 
results based on the numerical solution of the 
E.C.P. energy equation. In (16), the effect of the 
nonsimilarity of the flowlield is isolated in the 

sense that qe-sim, V.P. (obtained from solutions of 
(2) with zero right hand side) rests on the same 
property assumptions as qc Both (14) and (15) 
require reference states I for the evaluation of 
the Prandtl number and 1. We choose r, = 5, = 
1 and the largest t-value of the corresponding 
nonsimilar solution, namely 5, = 4.15. These 
choices appear to be most practical because they 
tend to bracket the variations induced by 
changes in transport properties. We emphasize 
that 1 which appeared formally in (15) was re- 
placed with (1,,,)“*. Consequently, (14) and (15) 
are practically the same and yield numerical 
results differing by no more than 4 per cent. 
(The denominator of equation (14) differs from 
its counterpart in (15) only in that the trans- 
formed %,,/ay is approximated with f”(0) * 
Pr,,,*.) Representative calculations were based 
on the following conditions: U, = 8000 ft/sec, 
w, = 0.5, T, = 10,8OO”R, T. = 126O’=R, p = 0.1 
atm. and &, = 1 ft. The effectiveness of the sur- 
face as a catalyst was expressed in terms of the 
parameter k,&$.J, and examined in the range 
3 x 10e6 < kJ,/U, < 3 = lo- ‘. The para- 

meter k,&lU, - 5, is more convenient than 5, 
because it does not depend on transport 
properties. 

Results presented in Table 1 typify conditions 
for efficient catalysts and consequently reflect 
the largest variations in transport properties. 
Nevertheless, convective heat transfer computed 
on the basis of an approximate theory is subject 
to relatively mild errors. The last column shows 
that the isolated effect of non-similarity, as 
defined by equation (16), is to increase qe by not 
more than 11 per cent and that this effect is 
slightly larger for the larger value of k,&JJ, 
Changes in transport properties alone tend to 
have the opposite effect in the sense that 

9e-sim,V.P. < 9Lm Consequently, the combined 
influence is to make qc very close to qr-sim for all 
[ > 1 irrespective of the choice of the reference 
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Table 1. Effect of variable properties and nonsimilarity of thejowfield on convective heat transfer 

(k&/U, = 0.3) 

aiatl 0) 
4c 

&m I r, = 4.15 

4c 

%&I. V.P. 

1 .oo 1.7121 0.6816 0.1607 0.9286 0.9084 1@000 
1.05 24619 0.6943 0.1255 1.0240 10017 1.1027 
1.11 2.4638 0.6943 0.1249 1.0196 0.9974 1.0980 
1.45 24654 0.6943 0.1238 1.0115 0.9805 1.0899 
2.61 2.4660 0.6943 0.1228 10033 0.9814 1.0804 
4.15 2.4663 0.6943 0.1223 0.9997 0.9779 1.0765 

k,&,J rr, = 0003 

0.1607 0.9296 0.9106 1JBlOO 
0.1374 0.9849 0.9657 1.0606 
0.1340 0.9916 0.9723 1.0678 
0.1293 0.9972 0.9777 1.0738 
0.1262 0.9962 0.9767 1.0727 
0.1248 0.9940 0.975 1 1.0708 

1.00 1.7121 @6816 
1.05 2.1547 0.6914 
1.11 2.2270 0.6923 
1.45 2.3245 0.6934 
2.61 2.3801 0.6938 
4.15 2.4025 06940 

Table 2. Effect of variable properties and nonsimilarity of thejlowfield on heatjlux due to catalysis 

k&/U. = 0.3 

1.00 0.7618 
1.05 0.4892 
1.11 0.4886 
1.45 0.4883 
261 0.4881 
4.15 0.4880 

100 0.7618 
105 0.5792 
1.11 0.5559 
1.45 0.5266 
2.61 0.5110 
4.15 0.5049 

1.05 
4.15 

1.05 
4.15 

0.7189 0.1254 0.1313 
0.6107 0.1138 0.1727 

0.1569 00154 0.0161 
0.7352 0.0273 0.0302 

10000 1.0000 
oQO47 0.0114 
0.0029 0.0063 
00015 0.0038 
ONlO 00022 
00006 0.0016 

a4917 1.2618 
0.3172 0.8111 
0.1839 0.4910 
0.1416 0.3799 
0.1296 0.349 1 

1.4160 0.8746 6.9659 
1.4232 0.9791 4.5209 
1.3653 0.8433 2.6459 
1.3597 0.8398 2.0548 
1.3545 0.8367 1.8887 

k&JV, = 0003 

1.0000 1QOOO 
0.3319 0.5123 
0.2470 0.4174 
0.1406 0.2734 
0.0838 0.1759 
0.0616 0.1335 

04057 0.6225 
0.299 1 0.5181 
0.1854 0.3902 
0.1444 0.3369 
0.1323 0.3225 

1.7500 1.1211 4.4154 
1.6697 1.0696 3.4823 
1.5144 0.9701 2.3652 
1~4409 0.9230 1.9461 
14097 0.903 1 1.8253 

k&&J, = OQOO3 

0.8419 0.8971 
04463 0.5938 

1.7213 1.3591 
1.6065 1.2640 

0.998 1 

k,,&/U, = ON)003 

0.9819 0.9874 
0.9019 0.9331 

0.1122 1.5686 1.5091 
1.5667 1.5073 
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state. While the above comments apply to 
specific cases and while a generalization of these 
to other flow conditions ought to be based on 
further numerical results, it is expected that the 
changes in qe remain slight in general. 

Consider next the influence of transport 
properties on the heat flux q,, released in the 
recombination reaction of atoms. The pertinent 
formula is 

qd 
l(5,O) Sc(L 0)-r 5 IV<, 0) 

p= (17) 
qd-E.C.P. 

k,,Y”(sc,,,r 1; W(570) 

an easy consequence of (12) with (h,, - hmfw) = 
0, and our definition of E.C.P. problems. The 
factor (I,,,)“’ appears in (17) for the same 
reasons as in (16). 

In Table 2, the first two sets of tabulations are 
based on the representative flow conditions 
used in constructing Table 1. The remaining 
subtables contain selected results that typify 
conditions for noncatalytic materials. (An 
example of a “noncatalyst” is Pyrex with 
0.033 ft/s < k, < 0.34 ft/s in the temperature 
range 570”R < T, < 1420”R. In contrast, k, for 
a good silver catalyst is about 1.7. 10’ ft/s). The 
tabulated ratios &&_E.c.p. indicate that, un- 
like for the case of convective heat transfer, 
large errors in qd are possible. Moreover, the 
deviations of qd from qd_E.c.p, depend on the 
choice of the reference state. This is also con- 
trary to what was found to be the case for con- 
vective heat transfer. Evidently, the departures 
Of the qd Values from &_E.c,p, arise partly be- 
cause of the significant variations in Sc(& 0) 
and partly because the product (I,, J”‘l a/&j W 
(5, 0) does not agree well with 1(5,0) a/@ W(& 0). 
The latter effect must be attributed to the strong 
nonsimilarity of the concentration field near the 
discontinuity which is not insignificant even for 
the extremely low value of k,&JU, = OGOOO3 
with practically constant Sc(& 0). The reader 
may care to contrast the behaviour of the afore- 
mentioned products with their counterparts 
appearing in (14) and particularly (15). The 

relative magnitudes of qd and qe are determined 
from the ratio 

qd SC- 1 (LOI g Jvr, 0) hi%, 

xc= 
I+- 1 (tf, 0) g Wtf,O) h, 

(18) 

The tabulated values are based on’ hi = 

2.6509 . lo8 ft2/s2-arithmetic average of the 
heats of formation for oxygen and nitrogen ; 
hg = 1.6656 . lo* ft2/s2 and hi = 3.6363 . 10’ ft2/ 
s2. In more detailed computations, one ought to 
use a properly mass-averaged @J that identifies 
the actual amounts of dissociation due to oxygen 
and nitrogen molecules. In such case, the values 
in the qd/qe column need be multiplied by a 
constant, not too different from 1. Because qc 
tends to change relatively little, the deviations 
of the ratio 4&c follow those of $&&E.c.p.. 
The same is true for qt/qr = 1 + qd/&. The right- 
hand limits at 5 = 1 are not tabulated because 
the numerical program does not compute these. 
Such limits are otherwise determined. 

It is worthwhile to consider briefly what 
implications the tabulated results have in con- 
nection with catalytic gauges and the associated 
diagnostic formulast. Now, one candidate for a 
diagnostic formula for w, is implied by (18), 
namely 

w, = 

W5,O) t W5,O) ht, 
4t = -- 

Pr(5,O) & W(L 0) A,” ( > 1 (19) 

qc 

t A catalytic gauge system consists of two heat transfer 
gauges; one is a noncatalyst (say glass) and the other is a 
catalyst for the recombination of atoms (say silver). Now, in 
a frozen hypersonic boundary layer, the first measures 
convective heat transfer, but the second measures addition- 
ally the heat released in the recombination reaction of atoms. 
Having these two measurements, it is then possible to deduce 
from the theory the atom concentration at the edge of the 
boundary layer. The latter is locally the same as the free- 
stream concentration. 
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FIG. 1. Velocity profiles, u/U, = aflaq, for 0 -z ( < 4.15. 
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FIG. 2. Total frozen enthalpy profiles, H = h&h,,,, for FIG. 4. C-history of the derivatives a2/a#j({, 0), ajatj H(& 0) 
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FIG. 3. Atom concentration profiles W= w/w, for 0 < 
r Q 4.15. 
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It is at once clear from equation (19) that the 
error in w, is proportional to qd/qc or, what 
amounts to the same thing, to (qt/qc - 1). The 
ratio a/aq H(<, O)/a/aq W(<, 0) is presumably 
correlated and appears finally as a function of 
known ambient and wall conditions. We empha- 
size that it is not the error in qc or qd but the 
error in the ratio q,,/q, that matters. Moreover, 
we are mainly interested in such errors when 5 
is slightly larger than 1 (because that is the 
location of heat-transfer measurements) and, 
afortiriori, for very low and very high values of 
k,<,/U, (because these correspond, respectively, 
to an almost perfect noncatalyst and a perfect 
catalyst). Now, when k&,/U, = 0.3-implying 
a value of k, greater than that for silver-q,/q, at 
5 = 1.05 is more than 40 per cent higher than 
qd_E.C.P./qc_E.C.P.J5r = 1. This error is slightly 
smaller than that reflected in the values of 

q&&-E.c.P.1& = 1 because %E.C.P. + d’sim under- 

estimates qc The choice of the reference state 
5, = 1 seems logical since the E.C.P. transport 
properties correspond more closely to the actual 
local conditions. From a practical standpoint 
such errors seem hardly tolerable. The situation 
remains substantially the same when k&,/U, = 
OGOOO3. Of course, the errors here are not too 
important because qd is only 11 per cent of qc 
The general increase in heat transfer following 
the step discontinuity is noreworthy. 

2. Flow field 

Sample profiles of velocity, total frozen 
enthalpy, and atom concentration, showing the 
effects of variable transport properties and non- 
similarity of the boundary layer, are presented, 
respectively, in Figs. 1, 2, and 3 ; k&,/U, = 0.3. 
The profiles are dimensionless. Evidently, the 
aforementioned effects are more or less as 
important to the structure of the velocity field 
as to the structure.of the enthalpy field. Figure 3 
shows a partial r-history of the concentration 
field W = w/w,. Note that w, is very close to 

zero. Figure 4 presents the e-history of the 
derivatives aya+ f(5, 0), a/aq H(t, 0), a/all wg, 

0) and W(& 0) for a less effective catalyst corres- 

ponding to k&/U, = OGO3. The three deriva- 
tives are proportional, respectively, to the skin 
friction, convective heat transfer, and heat 
flux due to catalysis. The very rapid approach 
of a2/aq2 f(5,O) and a&H&O) to its <-asymp- 
totic behavior is noteworthy. These two curves 
show explicitly the induced non-similarity 
effect on the two derivatives just mentioned. 
Fortunately, the variations of the transport 
properties tend to smooth the induced non- 
similarity of a/@ H(<,O) and result in the 
relatively small errors in qc Figure 5 presents the 

o.7o1 0 
; 

3 

FIG. 5. C-history of the convective heat transfer parameter 
a/arl WT. w/art WL 0). 

normalized convective heat-transfer parameter 
a/aq H(S,O)/LJ/@ H(1, 0) in a wide range of 
catalytic efficiencies. The dashed curves depict 
the results for flat plates and wedges that are 
catalytic for all 5. Analogous results for the 
surface concentration ratio W(t, 0) are shown in 
Fig. 6. We note the significant deviation of a 
typical E.C.P. curve from its exact counterpart. 
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Figure 7 tests and verifies the appropriateness 
of the E.C.P. definition. The dots are taken from 
Chung ([31], p. 179, Fig. 12). The solid curve 
is based on our E.C.P. definition of a corres 
ponding flat plate of uniform catalyticity. 
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FIG. 6. I;-history of surface atom concentration W, = 
w&v, 

0.21 
I I I I 

0 I 

; 

3 4 

FIG. 7. r-history of surface atom concentration W, = w&v, ; 
E.C.P. 

4. CONCLUSIONS 

The paper shows that variable transport 
properties and nonsimilarity of the flow field 
have a significant influence on the surface heat 
flux released in the recombination reaction of 
atoms. The same effect on convective heat 
transfer is considerably smaller. The results 
suggest that diagnostic formulas based on the 
simpler (E.C.P.) theories may be in serious 
error. The main reason is that while the step 
discontinuity in surface catalyticity causes a 
large (and from the standpoint of diagnostics 
often beneficial) increase in total heat transfer it 
apparently also increases the errors of the E.C.P. 
analyses. The numerical method of solution is 
reliable and general. Chemical reactions in the 
gas phase and other effects may be included with 
relative ease. 
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Rksum&Cette etude se rapporte aux effets de catalyse de surface et des proprietks de transport variables 
sur la structure de couches limites d’air dissocie fig6 chimiquement entourant des plaques planes et des 
diedres &n&s. Notre principal inter& est l’kcoulement hypersonique sans similitude le long de segments 
catalytiques places a l’aval des bords d’attaque ou des points d’arr& rev&s de materiaux noncatalytiques. 
Les problbmes sont rbolus numtriquement; on montre que la mtthode de resolution est fiable et appliqu- 
able en g&&al a la solution des equations de la couche limite sans similitude. Le transport de chaleur 
local par convection et le degagement de chaleur du a la catalyse des atomes sont calcules separement. 
Ces rbultats montrent que les prop&es de transport variables et la non-similitude du champ d’kcoulement 
ont une influence sensible sur le flux de chaleur dti ii la catalyse et suggerent la possibilitt d’erreurs sbieuses 

dans les formules disponibles de diagnostic pour les jauges catalytiques. 

Zusammenfassung-Die Arbeit befasst sich mit den Auswirkungen von OberflHchen-Katalyse und 
variablen Transporteigenschaften auf die Struktur der Grenzschicht an ebenen Platten und f&hen 
Keilen in chemisch eingefrorener, dissoziierter Luft. Das Hauptinteresse gilt dabei nichtlhnlichen hyper- 
sonischen Strijmungen tiber Katalysatorsegmenten, die hinter den Anstromkanten oder den Staupunkten 
angebracht und mit nichtkatalytischen Materialien abgedeckt sind. Die Probleme wurden numerisch 
gel&t, es wird gezeigt, dass die Liisungsmethode zuverllssig ist und allgemein zur Losung von nicht- 
Lhnlichen Grenzschicht-Gleichungen verwendet werden kann. Der lokale konvektive Wlrmetransport 
und die lokale Warmeausbeute aufgrund der Katalyse wurden einzehr berechnet Die Ergebnisse zeigen, 
dass die variablen Transporteigenschaften und die Nicht-jihnlichkeit des Striimungsfeldes einen erheb- 
lichen Einfluss auf den Warmestrom aufgrund der Katalyse haben. Die Ergebnisse weisen auf miigliche 

Fehler bei den verfiigbaren Rechenformeln fur katalytische AbschLtzungen hin. 

AHHOT~~MJI-B ~ankroii pa6ore paccMaTpnBaeTcH BnHHHHe KaTarrH3a HoBepxHocTH a nepemea- 
HbIX CBOZtCTB HepeHOCa Ha CTpJ’KTypY XMMMMWKH 33MOpOHWHHbIX ~MCCOHMMpOBaHHbIX 
HOrpaHHHHIJX CJIOeB BO3gyXa, 06TeKaIOmHX nJlOCKHe HJHICTRHJJ I4 TOHKHe KJHIHbR. B 
OCHOBHOM HBC HHTepaCyEOT HWBTOMO~e~bHbIe rIHEp3ByKOBbI3 HOTOKH, 06Tt?KalomHe KaTa- 
JlHTMHeCKMe J’SICTKH Ha HepefiHHX KpOMKaX HJIH B KPHTHWCKHX TOYKBX, HOHpbITbIe HeKaTa- 
nHTM4ecKHMH i+taTeprranaMu. 3aaaqu pemarorca qucxeuuo ; HoKa3aH0, MT0 MeTog pemeHHH 
HaJ(exteH II, B obmenr, npRMeHMM K PeLUeHHH, HeaBTOMO).H%bHbIX ypaBH3HHti HOrpaHRMHOrO 
CJIOR. f%CCWTaHbl JIOKaJrbHhIt KOHBeKTRBHbI?% TeHJrOO6MeH I4 BEdJ&?nt?HMe TeHJIa 38 CMeT 
KaTaJIH33 3TOMOB. 3TH pe3yJrbTaTbI HOKa3MBaIOT, 4To HepeMeHHbre cBotcTBa HepeHoca II 
HeaBTOMOfleJtbHOCTb HOJIR HOTOKa 3HaMHTeJIbHO BJWHOT Ha TeHJrOBOt HOTOK 38 CMeT KaTaJIM3a 
H yKa3bIBaIOT Ha B03MOH(HbIe Cepb3HbIe HOrpemHOCTH- B HMetOmHXCR PaCWTHbIX +OpMyJmX 

J(JUl KaTaJtHTWleCKHX HpMbOpOB, 


